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Adsorption phenomenon and external field effect on an isotropic liquid containing impurities
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The steady-state distribution of ionic charges in a liquid, in the presence of surface adsorption, is determined.
The effect of an electric field applied by means of blocking electrodes is considered. The analysis shows that
the surface adsorption of ions dissolved in the liquid is responsible for an asymmetry in the electric-field
distribution. In the model, the liquid is assumed to be dielectric but to contain impurities. These impurities, by
means of a chemical reaction, can bring about ions. The theory takes into account the activation energy for the
ionization chemical reaction and the adsorption energy of the ions at the surface.
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I. INTRODUCTION

The influence of adsorbed ions on the molecular orien
tion of a nematic liquid crystal~NLC! with ionic conductiv-
ity ~i.e., a weak electrolyte! has been investigated in rece
years in connection with both surface and bulk phenome
The ionic adsorption can be the main mechanism to exp
the thickness dependence@1# of the anisotropic part of the
anchoring energy connected to the NLC-substrate inter
@2–8#. It is also responsible for the presence of a surfa
electric field, which can induce destabilization in the NL
orientation@5,9#, or for the observed surface polarization in
hybrid NLC cell @10#. The phenomenon of ionic adsorptio
has been recently invoked to explain the asymmetric elec
optical response in a LC cell, for which experimental e
dence of a polarity-sensitive response has been reported@11#.

As is well known, the adsorption of ionic impurities pro
duces a counterion cloud forming a diffuse electric dou
layer in the liquid@12#, which gives rise to an internal field
The asymmetry in the electric-field distribution that resu
when an external field is combined with the internal fie
due to the surface adsorption, has been used as the m
nism to explain the dc switching of a liquid-crystal displa
@13#. The problem has been solved in the situation of a st
equilibrium field distribution under constant voltage acro
the cell, whose thickness isd, for which the ratiolD /d is not
small, wherelD is the Debye screening length@14#.

In the theoretical analysis presented in@14#, it is assumed
that there are equal amounts of positive and negative io
charges per unit area in the liquid, but that some of th
charges are stuck at the walls by electrochemical forces.
immobilized ions at the surfaces are assumed to be of n
tive sign and represented by a surface charge density.
supposed to be independent of the electrical potential dif
ence applied by an external power supply to the cell@14#.
However, as is well known, the adsorption phenomenon
ions from a solid surface depends on the actual electr
potential, due to the electric charges of the external ori
and to the adsorbed charges. Hence, the hypothesis tha
surface density of adsorbed charges can be used as a co
parameter to describe the charge and field distribution w
intrinsic and voltage-induced charge layers are combine
questionable.
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In this paper, we present a more general model to de
mine the equilibrium distributions of charges and fields in
isotropic liquid containing ions, submitted to an extern
field, removing this simplifying hypothesis. The liquid is a
sumed to be dielectric, but containing impurities able to g
rise to ions by means of a chemical dissociation reacti
The activation energy of this chemical reaction enters in
model. We suppose that the electrodes are perfectly block
and the surfaces are assumed to adsorb positive ions w
given adsorption energy. The model is built in the framewo
of the Poisson-Boltzmann theory@6#. The basic assumption
of this theory are that~i! the ions can be considered as d
mensionless point charges;~ii ! the surface charge is assume
to be uniformly smeared over the surface; and~iii ! the elec-
trolyte solution is described as a continuum with unifor
dielectric constant. In the absence of an external field, i
possible to determine, by means of the proposed model,
chemical potential and the electric potential profile in t
sample. For this situation, one observes that, once an ads
tion energy is fixed, in the limit of small thickness the su
face charge of adsorbed particles presents a linear beha
with the thicknessd. For very large values ofd, the surface
density of charges tends to a saturation value@6#. In the
absence of an external field, the electric potential due to
adsorption phenomenon is symmetric only if the adsorpt
energies on the two surfaces have the same value, as
pected. When an external field is applied, the potential at
of the surfaces increases, whereas the other one decre
This is the reason why the final distribution of the field b
comes asymmetric. This asymmetry is also present in
surface charge density at both surfaces. We show that
density at the surface of a high potential decreases rap
with increasing external voltage difference due to an exter
power supply. On the contrary, the surface density of cha
at the surface of a low potential tends to a saturation t
depends on the bulk density of ions.

In Sec. II, the model is presented and the basic equat
are discussed. There it is shown that, according to the v
of the external difference of the potential applied to t
sample by an external power supply, two regimes are p
sible. The border between the two regimes is fixed by
surface density of ions, originated from the chemical dis
ciation of the impurities present in the liquid. In the low
©2001 The American Physical Society01-1
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L. R. EVANGELISTA AND G. BARBERO PHYSICAL REVIEW E64 021101
voltage region, discussed in Sec. II A, the electric field in
sample changes sign. On the contrary, in the high-volt
region, considered in Sec. II B, the electric field is eve
where oriented in the same direction. In Sec. III, the cha
and the field distributions, obtained by numerical calculati
are analyzed. An approximate analytical expression for
critical voltage separating the two regimes is also obtain
In Sec. IV, a possible generalization of our model
sketched. The main results of the paper are discusse
Sec. V.

II. THE MODEL

Let us consider a cell in the shape of a slab of thicknesd,
filled with a liquid characterized by a dielectric constante,
but containing impurities that, by means of a chemical re
tion, are the source of the ions. The activation energy of
reaction will be indicated byEactivation. The liquid is globally
neutral and we consider first the general case in which
sufaces are not identical, i.e., the adsorption energy is di
ent on each surface.

We use a Cartesian reference frame whosez axis is nor-
mal to the limiting walls, located atz56d/2. We assume
that all the physical quantities entering in the model are o
z-dependent. The distribution of charges produced by
ionic adsorption gives rise to a liquid that is locally charg
but globally neutral. For simplicity, we assume that on
positive ions are adsorbed, and in Sec. IV a possible ex
sion of the model is discussed for the case in which b
positive and negative ions are adsorbed. We denote byn0 the
bulk density of impurities~in an infinite sample!, which will
be the source of the ions due to the chemical reaction m
tioned above~internal charges!. The equilibrium distribution
of the bulk density of nondissociated impurities~i.e., those
that remain neutral! is given bynb5n0em, wherem is the
chemical potential inkBT units. In the same manner, the bu
densities of positive and negative ions are given by

n6~z!5n0em2D7c(z), ~1!

whereD5Eactivation/kBT is the activation energy andc(z)
5qV(z)/kBT is the electrostatic energy of the chargeq in
kBT units. In our analysis, we assume that the liquid is
cally neutral in an infinite sample, in the absence of the
sorption phenomenon. This condition fixes the zero of
potential. In the Maxwell-Boltzmann distribution of ioni
charges in the sample, when the adsorption phenomeno
present and the sample is submitted to an external field,
potential is measured with respect to this ground state.
activation energyEactivationcan be identified with the electro
statics interaction energy between the positive and nega
ions resulting from the dissociation of the particle. The s
face densities of~internal! adsorbed charges are given by

s i5Nie
m2Ai2c i for i 51,2, ~2!

wherec15c(z52d/2) andc25c(z5d/2) are the values
of the surface potentials, andA1 and A2 are the adsorption
energies of the surfaces, measured inkBT units. Furthermore,
Ni is the surface density of sites where the ions can be
02110
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sorbed. The adsorption energy can be identified with
electrostatics interaction energy of an adsorbed ion with
image in the substrate~physical adsorption! @18#.

Let us now establish the fundamental equations govern
our model. We consider that only the internal charges
move to the surface. The external charges supplied to
system remain in the surface and are separated from the
uid by the blocking electrodes. In this manner, the surfa
densities of charges will have both the internal and the
ternal contribution, which, as we shall show later, gives r
to an asymmetry in the surface density of charges. The
requirement to be satisfied by the system is the conserva
of the number of particles, per unit surface, namely

N11N2

2
1NB1

s11s2

2
5n0d, ~3!

where

N65E
2d/2

d/2

n6~z!dz and NB5E
2d/2

d/2

nb~z!dz5nbd.

~4!

Using the definitions ofn6(z) and s i given above, it is
possible to rewrite Eq.~3! in the form

emH n0e2DE
2d/2

d/2

coshc~z!dz1n0d

1
N1e2A12c11N2e2A22c2

2 J 5n0d. ~5!

In this case, the chemical potential is given by

e2m511
1

2n0d
~N1e2A12c11N2e2A22c2!

1
e2D

d E
2d/2

d/2

coshc~z!dz. ~6!

This equation connects the chemical potentialm with the
surface potentialsc1 andc2.

We are interested in the final equilibrium distribution
charges and field when the applied voltage is held const
i.e., no transients are considered. In the framework of
Poisson-Boltzmann theory, in the steady state the charge
tribution and the electrical potential are related by Poisso
equation,

d2V

dz2
52

q

e
@n1~z!2n2~z!#, ~7!

which can be easily written as

d2c

dz2
5

1

L2
em2D sinhc, ~8!

whereL5(ekBT/2n0q2)1/2 is an intrinsic length of the prob
lem. This length is connected to the Debye screening len
1-2



th

r-

N

e-
ge
be

on

u
a

en
d-

s

al

a
ic

f

to
is
en-

xter-
and

by
f

-
nt

in
and

is to
f an
nic
the
the

tart
el,
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lD through the relation@6# lD5LeD/2. A first integration of
Eq. ~8! can be easily performed giving

1

2 S dc

dzD 2

5
em2D

L2
@coshc~z!1c#, ~9!

wherec is an integration constant to be determined by
boundary conditions. The electric field isE(z)52dV/dz5
2(kBT/q)dc/dz. In the absence of an external field, its su
face values areE(6d/2)57qs1,2/e, and outside the slab
the field is zero because the system is globally neutral.
tice that if the adsorption energies (A1 andA2) are different,
or if the densities of sites on the surfaces (N1 and N2) are
different, the electrical potential is not symmetric with r
spect toz50 also in the absence of external applied volta
When an external field is applied, the above conditions
come

E~7d/2!52
kBT

q S dc

dzD
7d/2

56q
s1,27S

e
, ~10!

whereS is the surface density of external charges. Equati
~10! are written by assuming that the surface atz52d/2 is
connected with the negative pole of the external power s
ply. The requirement that the system is globally neutral c
be expressed as

s11s21E
2d/2

d/2

n1~z!dz5E
2d/2

d/2

n2~z!dz, ~11!

which, with the help of Eq.~1!, can be written in the form

s11s252n0em2DE
2d/2

d/2

sinhc~z!dz. ~12!

A simple calculation shows that Eq.~12! is an identity if Eqs.
~10! are taken into account. This means that it is equival
to Eq. ~10! @15#. In order to solve the problem under consi
eration, we consider the two separated cases in whichs1
2S.0 and s22S,0, defining, respectively, the regime
of low and high external voltage.

A. Low-voltage region

We limit first our analysis to the case of low extern
voltage, wheres12S>0. Since in our hypothesesE(z5
2d/2).0 andE(z5d/2),0, the electrical potential has
minimum at some pointz* in the sample, where the electr
field vanishes@16#. It follows that (dc/dz)z5z* 50, and in
Eq. ~9! the integration constantc can be written in terms o
c* 5c(z* ) asc52coshc* . From Eq.~9!, we obtain

dc

dz
57

A2

L
e(m2D)/2Acoshc2coshc* , ~13!

where ‘‘2 ’’ refers to the region2d/2<z<z* , and ‘‘1 ’’
refers to the regionz* <z<d/2. Equations~13! can be inte-
grated to give
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c*

c2 dc

Acoshc2coshc*
2E

c1

c* dc

Acoshc2coshc*

5A2
d

L
e(m2D)/2. ~14!

Furthermore, by using Eqs.~10! and ~13! we have

A2kBT

q2L
e(m2D)/2Acoshc1,22coshc* 5

s1,27S

e
. ~15!

The fundamental equations of our model are Eqs.~6!, ~14!,
and ~15!. We have to solve this system of four equations
obtainm, c1 , c2, andc* . Once this system of equations
solved, it is straightforward to obtain the surface charge d
sities s i by means of Eqs.~2!. As it follows from these
equations, the surface charge densities depend on the e
nal charges at the surface through the chemical potential
the electric potentials at the surfaces.

B. High-voltage region

The border separating the two regimes is defined
s1(Sc)2Sc50, whereSc is the critical surface density o
external charges. ForS5Sc , c* (Sc)5c1(Sc), as it fol-
lows from Eqs.~15!. In the high-voltage regime, the ad
sorbed charge, atz52d/2, is then smaller than the one se
by the power supply on the electrode. From Eqs.~10!, we
now have thatE(2d/2),0 and E(d/2),0. The electrical
potential is a monotonic function ofz and, consequently, the
electric field never vanishes for2d/2<z<d/2 @16#. In this
case, from Eq.~9! we obtain

E
c1

c2 dc

Acoshc1c
5A2

d

L
e(m2D)/2, ~16!

connectingc to c1 andc2. By using Eqs.~9! and ~10!, we
deduce that the boundary conditions read

kBT

q

A2

L
e~m2D!/2Acoshc1,21c5q

S7s1,2

e
. ~17!

In this regime, the fundamental equations are Eqs.~6!, ~16!,
and~17!. These equations givem, c1 , c2, andc in terms of
S andd.

III. THE CHARGE AND FIELD DISTRIBUTIONS

In this section, we shall consider the particular situation
which the adsorption energy is the same at both surfaces,
the system is submitted to an external field. The purpose
obtain the charge and field distributions in the presence o
applied voltage, taking into account the phenomenon of io
adsorption. The problem is analyzed in the framework of
model presented in the preceding section. The solution of
system of four nonlinear equations~6!, ~14!, and~15! in the
low-voltage regime and Eqs.~6!, ~16!, and~17! in the high-
voltage regime is searched numerically. To do this, we s
with an estimation of the parameters entering in the mod
1-3
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L. R. EVANGELISTA AND G. BARBERO PHYSICAL REVIEW E64 021101
as was done in@6#. We assumeD58.0, N15N25N, and
A15A2520.1. We work at a fixed thicknessd/2L5200,
which implies thatlD'0.6 mm andd'4 mm. Using these
estimations, we can determine the electrical potential and
field profiles in the regimes of low (s1.S) and high (s1
,S) external potential, at a fixedn0d/N50.85.

In Fig. 1~a!, we report the differences12S versusS,
whereS represents the external charge density sent by
power supply on the limiting surfaces. This quantity d
creases rapidly withS, and vanishes forS5Sc . For S
.Sc , s12S,0. Notice that forS50, s1 coincides with
the adsorbed charges density in the absence of an ext
field. It depends onA, D, and d. For very largeS, s1
→n0d. In this limit, all positive ions are adsorbed on th
surface atz52d/2, connected with the negative electrode
the power supply. Figure 1~b! shows the surface density o
adsorbed charges versusS at the surface at a high potentia
This quantity is a decreasing function ofS. The trends ofs i
versusS can be easily understood taking into account thats i
are given by Eq.~2!, in which the surface electrical potentia
c i are introduced.

The dependences ofc i versusS are reported in Fig. 2~a!.
The potentialc1 is a monotonic decreasing function ofS,
whereasc2 is a monotonic increasing function ofS. Notice
that forS→Sc , c1 vanishes. ForS.Sc , c1 is negative. In

FIG. 1. The behavior of the surface charge densitiess1,2 as a
function of the external charge densityS. In ~a!, (s12S)/N vs
S/N is reported in the two regimes of low and high applied volta
The border between the two regimes isSc /N'0.46, where this
difference changes its sign. In~b!, s2 /N vs S/N is shown. The
curves have been depicted forD58.0 andA520.1.
02110
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Fig. 2~a!, the minimum value ofc, c* 5c(z* ), versusS is
also reported. It presents a maximum forS/N'0.25 and it
decreases abruptly to zero forS→Sc . Our analysis shows
that c* →c1 for S→Sc . However,c1→0 in a monotonic
manner, whereasc* for S<Sc increases up to a maximum
value, and then it decreases to zero. In Fig. 2~b!, the actual
voltage difference across the samplec22c1 versusS is
shown. As expected, forS very large it tends to be propor
tional to S.

The chemical potentialm versusS is displayed in Fig. 3.
As is evident from this figure, in the absence of an exter
field ~i.e., for S50), m(S50) is rather small in absolute
value and depends onA, D, and d. m changes very much
with S and tends to2` for S→`. In fact, in this limit all
the positive ions are adsorbed at the surface at a lower
tential, and an exchange of particles between the surface
the bulk becomes impossible.

The electrical potential profiles for variousS are shown
in Fig. 4. The dashed curve corresponds to the case in w
the electrical potential is due only to the adsorption pheno
enon (S50). In the symmetric case under considerati
(A15A2 ,N15N2), c(z) is an even function ofz, with re-
spect to the middle of the sample~at z50). The other curves
correspond toS/N'0.4 ~low-voltage regime! and S/N
'0.7 ~high-voltage regime!. For the case we are illustratin
here, the border between the two regimes isSc /N'0.46.

.
FIG. 2. ~a! Surface electrical potentialsc1 andc2 and the mini-

mum value ofc(z), c* vs the external charge densityS/N; ~b! the
voltage difference across the samplec22c1 vs S/N.
1-4
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Finally, in Fig. 5 the electric-field profiles for variousS
are reported. Notice that, as pointed out before, forS,Sc
the electric field changes sign across the sample, wherea
S.Sc it has the same direction everywhere.

As stated above,Sc is the border separating the two r
gimes. It is possible to obtainSc by operating on the funda
mental equations of the model. Let us consider these e
tions in the high-voltage regime. We can rewrite Eq.~6! and
Eq. ~16!, respectively, in the form

e2m511
1

2n0d
@N1e2A12c11N2e2A22c2#

1
L

A2d
e2(m1D)/2J@c1 ,c2 ;c# ~18!

and

I @c1 ,c2 ;c#5
A2d

L
e(m2D)/2, ~19!

where

FIG. 3. Chemical potentialm vs S/N.
v

02110
for

a-

J@c1 ,c2 ;c#5E
c1

c2 coshc

Acoshc1c
dc

and

I @c1 ,c2 ;c#5E
c1

c2 dc

Acoshc1c
. ~20!

In this manner, by using Eq.~20! it is possible to rewrite Eq.
~18! as

e2m511
1

2n0d
@N1e2A12c11N2e2A22c2#

1e2D
J@c1 ,c2 ;c#

I @c1 ,c2 ;c#
. ~21!

From the definitions of the surface charge densities@Eq. ~2!#
we haves1(S)5em2A12c1, i.e.,

FIG. 4. Electrical potentialc(z) vs 2z/d. Dashed curve corre-
sponds toS/N50.0 ~no external potential!, dotted curve toS/N
'0.41, and solid curve toS/N'0.72.
s1~S!5
N1e2A12c1

11@N1e2A12c11N2e2A22c2#/2n0d1e2DJ@c1 ,c2 ;c#/I @c1 ,c2 ;c#
. ~22!
For S→Sc
1 , c→21, c1→0, andc2→c2c@1, as can be

deduced from the numerical calculations reported abo
Consequently,

s1~Sc!5Sc5
N1e2A1

11N1e2A1/2n0d1R
, ~23!

where

R5e2D
J@0,c2c ;21#

I @0,c2c ;21#
. ~24!
e.
Numerical calculations show that

R'
N1e2A1

2n0d
. ~25!

Therefore,Sc is found to be

Sc'
N1e2A1

11N1e2A1/n0d
. ~26!
1-5
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L. R. EVANGELISTA AND G. BARBERO PHYSICAL REVIEW E64 021101
Notice that forN1→0 or A1→`, Sc→0, as expected. In the
opposite limit ofN1→` or A1→2`, Sc→n0d, which cor-
responds to the case in which all the positive ions are
sorbed on the surface atz52d/2. This behavior is illustrated
in Fig. 6, whereSc is depicted versus the adsorption ener
A1 as it comes from the numerical calculations. Notice t
the curve is quite well represented by Eq.~26! given above.

We have presented most of the results of the numer
calculations for an adsorption energy that is relatively lo
just to emphasize the crucial role played by this quantity i
real sample. However, if we consider higher values for
adsorption energy, the magnitude of the quantities repo
above are shifted, as expected, but the global behavior o
system remains the same.

IV. EXTENSIONS OF THE MODEL

Before we proceed, it is convenient to establish some
ticular cases that can be analyzed in the framework of
proposed model. The first one is the situation in which
adsorption energies are different on the surfacesA1ÞA2

FIG. 5. Reduced electric fieldE/E* , whereE* 5A2kBT/qL vs
2z/d in correspondence with the values ofS/N considered in
Fig. 4.

FIG. 6. Critical external density of chargeSc vs adsorption
energyA1. The solid line corresponds to the numerical calculatio
the dashed line is the approximated relation represented by Eq.~26!.
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~asymmetric case! but the external voltage is absent. Th
fundamental equations of the model are easily obtained f
the ones presented before by taking the limitS→0. A prac-
tical situation in which this model has revealed its usefuln
is the asymmetric electro-optical response in a nema
liquid-crystal cell @11,17#. Another limiting case to be con
sidered refers to the situation in which the adsorption p
nomenon is absent, but the sample is submitted to an exte
voltage. In this case, we haveA15A2→`. Consequently,
s i→0, as given by Eq.~2!. In this case, as it follows from
Eqs. ~17!, c152c25C. Again, the fundamental equation
of the model, now reduced to three coupled equations, ca
easily obtained from the previous ones. They will connectm,
C, andc with S andd.

In the preceding analysis, we have considered a selec
ion adsorption phenomenon in which only the positive io
are supposed to be adsorbed on the surface. This imp
considering that the adsorption energy for the negative o
is taken as infinite. Let us now consider the case in wh
both positive and negative ions can be adsorbed by the
faces. We suppose, for simplicity, that the surfaces are id
tical, andA1 and A2 are the adsorption energies for bo
species of ions. The surface density of adsorbed ions
given sign is given by@see Eq.~2!#

s i ,65N6em2A67c i, ~27!

where i 51,2 refers to the surfaces andN6 are the surface
densities of sites for1 and2 ions. We assume, furthermore
that N15N25N. The actual surface density of adsorb
ions is given by

Ni5Nem~e2A12c i1e2A21c i !, ~28!

whereas the actual surface charge density is

Qi5q~s i ,12s i ,2!5qs i . ~29!

The equation representing the conservation of the numbe
particles @see Eq.~3!# is slightly modified, giving for the
chemical potential

e2m511
N

2n0d
@e2A1~e2c11e2c2!1e2A2~ec11ec2!#

1
e2D

d E
2d/2

d/2

coshc~z!dz. ~30!

The basic equations of the model are then Eqs.~30!, ~14!,
and~15! for the low-voltage regime and Eqs.~30!, ~16!, and
~17! for the high-voltage regime, if we consider in the
equationss1,2 as defined in Eq.~29!.

V. CONCLUSIONS

We have analyzed the electric potential profile in a c
containing an isotropic liquid in thermodynamical equili
rium. The liquid is supposed to contain impurities that c
give rise to ions for chemical decomposition. The dissoc
tion energyD controls the chemical reaction of ionization
By assuming a selective ionic adsorption from the surfa
we have evaluated the surface densities of charges when
;
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sample is submitted to an external field. Our analysis
shown that there are two regimes of the actual electrical
tential in the cell, with respect to the external applied pot
tial.

In the low regime, the potential profile presents a mi
mum inside the cell. Increasing the external potential, t
minimum moves towards the potential of one of the surfac
For a critical value of the external applied voltage, the mi
mum value of the actual profiles coincides with the poten
of one of the surfaces. In this situation, the actual poten
profile has a minimum just at the surface. This correspo
to the case in which the adsorbed charge density is equ
the external charge density sent by the external power su
on the electrodes. For external applied voltages larger t
this critical value, the actual potential profile is a monoton
function inside the cell.

In the low-voltage regime, we have shown that the surf
density of adsorbed charges at the high potential sur
. E

. E

ys

B.

u

, C

02110
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o-
-
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s
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-
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tends rapidly to zero when the external charge density
creases. The opposite behavior is observed for the sur
density of adsorbed charges at the lowest potential. We h
also evaluated the chemical potential of the system ve
the density of external charges sent on the surface by
power supply. Our analysis generalizes the one presente
Thurston @14# and Thurstonet al. @13# to interpret the dc
switching effect observed in liquid-crystal displays based
bistable boundary-layer configuration, taking into accou
that the actual densities of adsorbed charges depend on
actual potential.
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